Hyperbolic Systems of Conservation Laws with Stiff Diffusive Relaxation

V. Comincioli^∗ G. Naldi^† L. Pareschi^‡ G. Toscani^§

Unità operativa di Pavia Unità operativa di Ferrara

Hyperbolic systems of conservation laws with relaxation terms occour in many physical situations: kinetic theory of gases, gas flows with relaxation, multiphase and phase transition, turbulence, water waves, viscoelasticity and reactive flows. The study of the zero relaxation limit for such systems has cought much interest, both from a theorical and numerical point of view [1, 4, 6, 10]. The small relaxation limits of such systems are governed by reduced systems of parabolic or hyperbolic type. In general the understanding of basic wave pattern is difficult to achieve and standard high resolution methods fail to describe the right asymptotic behaviour unless the small relaxation rate is numerically resolved. In this work we are mainly concerned with numerical methods for hyperbolic systems with relaxation in the diffusive scaling. A simple prototype of hyperbolic system with diffusive relaxation is given by a generalization of the Carleman’s model [5] of the Boltzmann equation. The evolution equations in macroscopic form are nonlinear diffusion equations including the classical porous media equation (see also [2, 3] for more complex cases). Here we consider the more general case in which the limit equation is a nonlinear diffusion problem. In particular, we would like to investigate, from a numerical point of view, the possibility of obtaining the macroscopic behavior described by the equilibrium system by solving the original relaxated hyperbolic system with coarse grids and avoiding spurios numerical solutions. A second order scheme is developed in order to study the numerical passage between different regime. This scheme combines an explicit high-order Godunov method with implicit central difference for the diffusive source term in the stiff regime for system, that is to say when the relaxation parameter becomes small. A Runge-Kutta method is used to achieve second order accuracy in time [2, 7, 8, 9]. We also present a relaxation approximation to general systems of nonlinear reaction-diffusion equations which permits us to develop a class of stable numerical schemes for the original systems. In particular we show that for many systems of reaction-diffusion equations the relaxing systems have a clear kinetic interpretation as generalized Carleman’s models with source terms. Specific relaxation approximation are pointed out for more general reaction-diffusion systems also in multidimensional case. Finally, numerical results are presented for a generalized Fisher’s equation including test for travelling waves solution.

References

[1] V. Comincioli, G. Naldi, G. Toscani, Diffusive limit of two velocity models: the porous medium equations, Transport Theory and Stat. Phys. 26, n. 1-2, pp. 49–63 (1997).

[2] S. Jin, L. Pareschi, G. Toscani, Diffusive relaxation schemes for multiscale discrete-velocity kinetic equations, SIAM J. Numerical Analysis 35, n. 6, pp. 2405–2439 (1998).

[3] S. Jin, L. Pareschi, G. Toscani, Uniformly accurate diffusive relaxation schemes for multiscale transport equations, Preprint CDNSNS98-314, GeorgiaTech, (1998), Submitted to SIAM J. Numerical Analysis.

[4] S. Jin and Z. Xin, The Relaxation Schemes for Systems of Conservation Laws in Arbitrary Space Dimension, Comm. Pure and Appl. Math. 48, pp. 235–276 (1995).

[5] P.L. Lions and G. Toscani, Diffusive limit for two-velocity Boltzmann kinetic models, Rev. Mat. Iberoam.

13, n. 3, pp. 473–513 (1997).

[6] T.P. Liu, Hyperbolic conservation laws with relaxation, Comm. Math. Phys. 108, p. 153 (1987).

∗Dipartimento di Matematica, Università di Pavia, comi@dimat.unipv.it.

†Dipartimento di Matematica e Applicazioni, Università di Milano-Bicocca, naldi@matapp.unimib.it. ‡Dipartimento di Matematica, Università di Ferrara, prl@dns.unife.it. §Dipartimento di Matematica, Università di Pavia, toscani@dimat.unipv.it.

[7] G. Naldi, L. Pareschi, Numerical Schemes for Kinetic Equations in Diffusive Regimes, Appl. Math. Lett.

11, n.2, (1998).

[8] G. Naldi, L. Pareschi, Numerical schemes for hyperbolic systems of conservation laws with stiff diffusive relaxation, SIAM J. Numerical Analysis (1999), to appear.

[9] G. Naldi, L. Pareschi, G. Toscani, Hyperbolic relaxation approximation to nonlinear parabolic problems, Proceedings 7th Int. Conf. on Hyperbolic Problems: Theory, Numerics, Application, ETH Zurich 1998, Internat. Series of Num. Math. 130, Birkhauser Verlag Basel, pp. 747–756 (1999).

[10] R. Natalini, Recent results on hyperbolic relaxation problems, in Analysis of systems of conservation laws (H. Freistuhler, ed.), Lecture notes for the summer school 1997 in Aachen, Monographs and Surveys in Pure and Applied Mathematics, CRC Press, 1998.