Lecture 9

Sobolev Spaces I

9.1 The finite dimensional case

We consider here the standard Gaussian measure v4 = .4#(0,1;) in R%. As in the case of
the Lebesgue measure Ay, for 1 < p < 400 there are several equivalent definitions of the
Sobolev space WHP(R?, ~4). It may be defined as the set of the functions in LP(R?,v,)
having weak derivatives D;f, i = 1,...,d in LP(R%,~,), or as the completion of a set of
smooth functions in the Sobolev norm,

1/p 1/p
T :=< / Iflpd%z> +< / |Vf\pdwd> . (0.1.1)
R4 Rd

Such approaches are equivalent. We will follow the second one, which is easily extendable
to the infinite dimensional case, and in the infinite dimensional case seems to be the
simplest one. To begin with, we exhibit an integration formula for functions in CZ} (R9), the
space of bounded continuously differentiable functions with bounded first order derivatives.

Lemma 9.1.1. For every f € Cl}(Rd) and for every i =1,...,d we have

0
/ 8f (x) ya(dz) = / z;i f(x) vq(dx). (9.1.2)
Rd OZ; R
The proof is left as an exercise. Applying Lemma 9.1.1 to the product fg we get the
integration by parts formula

729 gy = - /R ggg dva + /R F@g@udn), 1 geCHRY,  (9.13)

R axl

which is the starting point of the theory of Sobolev spaces.
We recall the definition of a closable operator, and of the closure of a closable operator.
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Definition 9.1.2. Let E, F be Banach spaces and let L : D(L) C E — F be a linear
operator. L is called closable (in E) if there exists a linear operator L : D(L) C E — F
whose graph is the closure of the graph of L in E x F. Equivalently, L is closable if

(xn) C D(L), lim z, =0in E, lim Lz, =2 in F = 2=0. (9.1.4)
n—oo n—oo
If L is closable, the domain of the closure L of L is the set

D(L) = {g; € E: I(z,) C D(L), nh_}rgo Ty, = x, Lx, converges in F}

and for z € D(L) we have

Lx = lim Lx,,
n—oo

for every sequence (x,) C D(L) such that lim,_, z, = x. Condition (9.1.4) guarantees
that lim,,_,o, Lz, is independent of the sequence (z,). Since L is a closed operator, its
domain is a Banach space with the graph norm = — ||z||g + || Lz F.

For every 1 < p < +oo we set as usual p’ = p/(p—1)if 1 < p < 400, p' = 400 if
p=1.

Lemma 9.1.3. For any 1 < p < +00, the operator V : D(V) = CL(RY) — LP(RY, v4; RY)
is closable in LP(R?, ~q).

Proof. Let f, € C’l}(Rd) be such that f,, — 0 in LP(R%,~,4) and V£, — G = (g1,...94) in
LP(RY, ~v4: RY). For every i = 1,...,d and o € C}(R?) we have

lim Ofn

n—oo Jpa O0;

<Pd’Yd:/ gip drg,
]Rd

since

O
(B = 9) | dva < 100/0: = i)l o gy 2l v e,

J.

On the other hand,

Ofn 0
[ 52 etu= [ £52 b+ [ sifal@ho@ iz, nen,
R Rd X Rd

d 8.7}1

so that, since f, — 0 in LP(R? ~4) and the functions = ~— dp/dz;(x), = — zip(x) are
bounded,

0
lim fngp dyg = 0.
n—oo Jpa O0;
So,
/ gipdya=0, ¢eC(RY
R4
which implies g; = 0 a.e. O

Lemma 9.1.3 allows to define the Sobolev spaces of order 1, as follows.
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Definition 9.1.4. For every 1 < p < 400, WIP(R? ~y) is the domain of the closure
of V : Cg(Rd) — LP(R%, v4;RY) in LP(RY,~y4;RY) (still denoted by V). Therefore, f €
LP(R?, ~y) belongs to WHP(RY, ~,) iff there exists a sequence of functions f, € C} (R9)
such that f, — f in LP(R%,~y) and Vf, converges in LP(R%,~v4;RY), and in this case,
Vf =lim, 00 Vfn. Moreover we set Of /0xi(x) ==V f(x) e, i=1,...d.

WhP(RY, ~,) is a Banach space with the graph norm

Hf”leP(R‘i,'yd) = HfHLP(Rd;yd) + HVfHLP(Rd,'yd;R‘i)

1/p 1/p
_ < / Iflpd%z> +< / |Vf|pdvd) |
Rd Rd

One could give a more abstract definition of the Sobolev spaces, as the completion
of C}(RY) in the norm (9.1.1). Since the norm (9.1.1) is stronger than the LP norm,
every element of the completion may be identified in an obvious way with an element f
of LP(R%,~,). However, to define Vf we need to know that for any sequence (f,) of c}
functions such that f, — f in LP(R? ~4) and V f,, is a Cauchy sequence in LP(R?, v4; R?),
the sequence of gradients (V f,) converges to the same limit in LP(R?, ~4; R?). In other
words, we need Lemma 9.1.3.

Several properties of the spaces WP (RY, ~,) follow easily.

(9.1.5)

Proposition 9.1.5. Let 1 < p < +o0. Then
(i) the integration formula (9.1.2) holds for every f € WYP(X,vq), i =1,...,d;

(i) if 0 € CHRY) and f € WIP(RY,v,), then 6o f € WIP(RY,v,), and V(0 o f) =
(0o fIVS;

(iii) if f € W'P(RY,~q), g € WH(R, ~g) with 1/p +1/q = 1/s < 1, then fg €
Whs(RY, ~g) and
V(fg) =gV f+fVy;

(iv) WHP(R?, ~y) is reflezive;
(U) Zf fn — f in Lp<Rd7’Yd) and SUPpeN ”fTLHWLp(Rd,’Yd) < 00, then f € Wl’p(Rdafyd)'

Proof. Statement (i) follows just approximating f by a sequence of functions belonging to
C’,}(Rd), using (9.1.2) for every approximating function f, and letting n — oc.

Statement (ii) follows approaching 6 o f by @ o f,, if f,, € C} (RY) is such that f,, — f
in LP(R%,~4) and V£, — Vf in LP(RY, ~v4; RY).

Statement (iii) follows easily from the definition, approaching fg by fngn if f, € C}(R%)
are such that f,, — f in LP(R%,~y), Vf, — V£ in LP(RY, v4;RY), g, — g, in LI(RY, ~,),
Vgn — Vg in LI(R?, y4; RY).

The proof of (iv) is similar to the standard proof of the reflexivity of W1P(R? \y).
The mapping u — Tu = (u, Vu) is an isometry from W1P(R? ~4) to the product space
E = LP(R? ~4) x LP(R?, ~v4;RY), which implies that the range of T is closed in E. Now,
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LP(R?, ~4) and LP(RY,~v4;RY) are reflexive so that E is reflexive, and T(W1'P(R?, ~4)) is
reflexive too. Being isometric to a reflexive space, WhP(R?, ~,) is reflexive.

As a consequence of reflexivity, if a sequence (f,) is bounded in WP (R4, ~,) a subse-
quence fy, converges weakly to an element g of WhP(RY, ~,4) as k — oo. Since fro, = f
in LP(R%, ~,), then f = g and statement (v) is proved. O]

Note that the argument of the proof of (ii) works as well for p = 1, and statement
(ii) is in fact true also for p = 1. Even statement (i) holds for p = 1, but the fact that
r — zf(x) € L'(RYy,) for every f € WHL(R?, 4,) is not obvious, and will not be
considered in these lectures.

Instead, W11(R?, v4) is not reflexive, and statement (v) does not hold for p = 1 (see
Exercise 9.2).

The next characterisation is useful to recognise whether a given function belongs to
WP(R?, ~,4). We recall that LP (R?) (resp. I/Vli’f(Rd)) is the space of all (equivalence
classes of) functions f such that the restriction of f to any ball B belongs to LP(B, \g)
(resp. WIP(B,\y)). Equivalently, f € L} (R9) (resp. f € VV;’C”(RCI)) if f0 € LP(R?, \y)
(resp. f0 € WHLP(RY, \y)) for every 0 € C°(R?). For f € Wlif(Rd) we denote by D; f the
weak derivative of f with respect to z;, 1 =1,...d.

Proposition 9.1.6. For every 1 < p < +o0,

WHP(R?, vq) = {f e WLP(RY) : f, Dif € LP(RY7q), i =1,. ..d}.
Moreover, for every f € WYP(RY,vq) and i = 1,...,d, Of/0x; coincides with the weak
derivative D; f.

Proof. Let f € WHP(R? ~,4). Then for every g € C}(R?), (9.1.3) still holds: indeed, it is
sufficient to approximate f by a sequence of functions belonging to C} (RY), to use (9.1.3)
for every approximating function f,, and to let n — oo.

This implies that 0f/0x; is equal to the weak derivative D;f. Indeed, for every ¢ €
C°(RY), setting g(z) = o(z)el™*/2(27)4/2 (9.1.3) yields

oo 99 _ of _ / of
Rd f@x, daj o /Rd f <8$1 $1g> d’)/d o /Rd 8:)%9 d’}/d o R4 8.%'1 Y dx‘

So, Of/0x; = D;f, for every i = 1,...,d. Since LP(R% ~,) C LfOC(Rd), the inclusion

WLP(Rda’Yd) - {f € Wli)f(Rd) 2 fy Dif € Lp(Rdvlyd)v t=1,... d} is proved.
Conversely, let f € VVli’f(Rd) be such that f, D;f € LP(R% ) fori = 1,...d. Fix
any function § € C°(R?) such that @ = 1 in B(0,1) and § = 0 outside B(0,2). For every

n € N, we define

fal@) = b0(z/n)f(zx), z€R%

Each f,, belongs to W1P(R9, v,), because the restriction of f to B(0,2n) may be approx-
imated by a sequence (¢y) of C! functions in W1P(B(0,2n), \¢), and the sequence (uy)
defined by ug(z) = 0(x/n)pr(z) for |x| < 2n, ux(x) = 0 for |z| > 2n is contained in
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CL(R?), it is a Cauchy sequence in the norm (9.1.5), and it converges to f,, in LP(RY, ~4)
since

. ) o gy < e
Ll [ oG - e < oo |

|f — rlPdx.
2n)

)

In its turn, the sequence (f,,) converges to f in LP(R%,~,), by the Dominated Convergence
Theorem. Moreover, for every i = 1,...,d we have 0f,/0x;(x) = n~'D;0(x/n)f(z) +
0(x/n)D;f(z), so that 0f,/0x; converges to D;f in LP(R? ~,), still by the Dominated
Convergence Theorem. Therefore, f € WIP(R?, ~,). O

By Proposition 9.1.6, if a C! function f is such that f, D;f belong to LP(R? ~4)
for every i = 1,...,d, then f € W'P(R? ~,). In particular, all polynomials belong to
WhP(RY, ~,), for every 1 < p < 4o0.

9.2 The Bochner integral

We only need the first notions of the theory of integration for Banach space valued func-
tions. We refer to the books [DUJ, [Y, Ch. V] for a detailed treatment.

Let (2, .#) be a measurable space and let i : # — [0, 400) be a positive finite measure.
We shall define integrals and LP spaces of Y-valued functions, where Y is any separable
real Banach space, with norm || - ||y

In the following sections, Q2 will be a Banach space X endowed with a Gaussian mea-
sure, and Y will be either X or the Cameron—Martin space H. However, the definitions
and the basic properties are the same for a Gaussian measure and for a general positive
finite measure.

As in the scalar valued case, the simple functions are functions of the type

F(SU) = Z ]lrz(x)ylv x €,
=1

withn e N, T; € #, y; € Y forevery i = 1,...,n and I'; NT'; = () for ¢ # j. In this case,
the integral of F' is defined by

| P@ntdz) = 3 nru. (9.2.1)
=1

It is easily seen that the integral is linear, namely for every «, 8 € R and for every couple
of simple functions F}, Fy

[ (@Fs(a) + sFs@)nldo) = a | Fiwn(do) +5 | Fula)u(do (9.22)
Q Q X

and it satisfies

H /Q F(z)y(dz) y < /Q |F(z)||ly~y(dz), (9.2.3)

for every simple function F' (notice that x — || F(z)||y is a simple real valued function).
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Definition 9.2.1. A function F' : Q — Y is called strongly measurable if there exists
a sequence of simple functions (F,) such that lim, | F(z) — Fn(2)|ly = 0, for u-a.e.
x € Q.

Notice that if Y is separable then this notion coincides with the general notion of
measurable function given in Definition 1.1.6, see [VTC, Proposition 1.1.9]. If Y = R, see
Exercise 9.3. Also, notice that if F' is strongly measurable, then ||F'(-)|]y is a real valued
measurable function. The following theorem is a consequence of an important result is
due to Pettis (e.g. [DU, Thm. I1.2]).

Theorem 9.2.2. A function F : Q — Y is strongly measurable if and only if for every
f € Y™ the composition foF :Q — R, x+— f(F(x)), is measurable.

As a consequence, if Y is a separable Hilbert space and {yy : k € N} is an orthonormal
basis of Y, then F': Q — Y is strongly measurable if and only if the real valued functions
x +— (F(x),yr)y are measurable.

Definition 9.2.3. A strongly measurable function F : Q — 'Y is called Bochner integrable
if there exists a sequence of simple functions (Fy) such that

lim / |F(x) — Fo(@)ly p(da) = 0.

n—o0

In this case, the sequence fQ F,dp is a Cauchy sequence in'Y by estimate (9.2.3), and we
define

/QF(SU) p(dz) := lim [ F,(x)p(dz)

n—oo QO

(of course, the above limit is independent of the defining sequence (F},)). The following
result is known as the Bochner Theorem.

Proposition 9.2.4. A measurable function F : Q2 — Y is Bochner integrable if and only
of
L IF@)yutdo) < .

Proof. If F' is integrable, for every sequence of simple functions (F},) in Definition 9.2.3

/ 1P (@)lly ude) < / 1P () — Fu(a)ly u(de) /HF Yy (dz),

which is finite for n large enough.

To prove the converse, if [, [|[F(z)|lyu(dz) < oo we construct a sequence of simple func-
tions (F,) that converge pointwise to F' and such that lim,_,o [, [|F(2) = Fy(2)|ly p(dx) =
0.

we have

Let {yi : k € N} be a dense subset of Y. Set

Op(z) = min{||F(x) —yklly : k=1,...,n},
kn(x) :=min{k <n: 0,(x) = [|F(x) — yx|lv },
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and
Fo() =y, (), z€X.

Then every 6,, is a real valued measurable function. This implies that F; is a simple
function, because it takes the values y1, ...y, and for every k = 1,...,n, F;1(y;) is the
measurable set I'y = {x € Q: 0,(z) = ||F(z) — ykllv }-

For every = the sequence | F,(z) — F(x)|ly decreases monotonically to 0 as n — oc.
Moreover, for every n € N,

[1Fn(z) = F(@)lly <llyr = F(@)lly < lwilly +1F@)]y, =X (9.24)

By the Dominated Convergence Theorem (recall that p is a finite measure) or else, by the
Monotone Convergence Theorem,

T [ () = F@)lyp(da) =0,
]

If FF: Q — Y is integrable, for every E € .% the function 1gF is integrable, and we

set
| F@utdo) = | 1P n(do)
E Q

The Bochner integral is linear with respect to F', namely for every «, § € R and for every
integrable Fy, Fy, (9.2.2) holds. Moreover, it enjoys the following properties.

Proposition 9.2.5. Let F : Q) — Y be a Bochner integrable function. Then
(i) | Jo F (@) pldz)lly < [o [IF(2)ly p(dx);

(it) hmu(E)%O fE (z) p(dz) =
(117) If (Ey) is a sequence of pairwise disjoint measurable sets in Q and E = UpenEnp,

then
é p(dx) }:/

neN

(iv) For every f € Y*, the real valued function x — f(F(x)) is in L'(, n), and

1 [ Fautan) = [ s i) (9.2.5)

Proof. (i) Let (F,,) be a sequence of simple functions as in Definition 9.2.3. By (9.2.3) for
every n € N we have || [, Fr(x) p(dz)|ly < [q [[Fa(2)||yp(dz). Then,

HAF@MM) hm/F()ux

< hmsup/ | E(z)]ly p(dx)

n—00 n—00
< lim / |Fu() — F(a)ly p(da) / |F(@)lly u(de)

- / IF(@)lly uldz).
Q
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Statement (1) means: for every € > 0 there exists § > 0 such that p(E) < ¢ implies
| [z F( dz)|ly < e. Since lim, g0 [ [|F(2)|ly p(dz) = 0, statement (ii) is a conse-
quence of ( )

Let us prove statement (iii). Since, for every n,

] [ Fen)| <

the series > o /| o ) 1(dz) converges in Y, and its norm does not exceed

/ VP (@)lly pdz),
E,

/ |F(@)lly ulda).
Q

Since the Bochner integral is finitely additive,

H / F(m)u(dm)—g [ (@) utan

where limy, o0 1(Up,,, 11 En) = 0. By statement (i), the right-hand side vanishes as
m — 00, and statement (iii) follows.

Let us prove statement (iv). Note that (9.2.5) holds obviously for simple functions.
Let (F},) be the sequence of functions in the proof of Proposition 9.2.4. Then,

1 [ Futan) = (g [ £ utan)

= tin ([ F@)utan)) =t [ 5050 atio)

n—oo n—oo 0

- H /. Pl ()

n=m-1 Y

On the other hand, the sequence (f(Fy,(x))) converges pointwise to f(F'(z)), and by (9.2.4)

[F(En(@)] < 1 fllv= 1 (@) lly < I flly=(1Fn(z) = F@)lly + [F(@)]y)
< A lly=lyally + 21 F () [ly)-

By the Dominated Convergence Theorem,

fim [ (@) utdo) = [ F(Pa) i),

n—oo Q
and the statement follows. O

Remark 9.2.6. As a consequence of (iv), if Y is a separable Hilbert space and {yy : k €
N} is an orthonormal basis of Y, for every Bochner integrable F': Q — Y the real valued
functions = +— (F(x), yx)y belong to L'(, i), and we have

/QF( (d) Z/ ) Yk)y p(d) yi
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The LP spaces of Y-valued functions are defined as in the scalar case. Namely, for every
1 <p< +oo, LP(Q,1;Y) is the space of the (equivalence classes) of Bochner integrable
functions F': 2 — Y such that

1/p
I1F | Lo,y (/ | F ()5 )) < 00.

The proof that LP(Q, u;Y) is a Banach space with the above norm is the same as in the
real valued case. If p =2 and Y is a Hilbert space, LP(Q, u;Y') is a Hilbert space with the
scalar product

<F¢»Lag#y>:=/£quxc%x»yu«m>
As usual, we define

L®(Q,u;Y) = {F : Q — Y measurable s.t. ||F|[ 10 uv) < +oo},

where

1Pl ey = nf{ M > 0 p({a : |F(@)lly > M}) =0},

Notice that if Y is a separable Hilbert space, which is our setting, the space LP(Q, u;Y)
is reflexive for 1 < p < oo, see [DU, Section IV.1].

The first example of Bochner integral that we met in these lectures was the mean a of
a Gaussian measure v on a separable Banach space X. By Proposition 2.3.3, there exists
a unique a € X such that ay(f) = f(a), for every f € X*. Since v is a Borel measure,
every continuous F' : X — X is measurable; in particular F(z) := z is measurable,
hence strongly measurable. By the Fernique Theorem and Proposition 9.2.4 it belongs to
LP(X,~; X) for every 1 < p < 400, and we have

o= /X 2r(dz).

Indeed, for every f € X™*, we have

N/wwm> [ f@)td) = ar (1),

by (9.2.5). Therefore, a = [y x~(dx).

9.3 The infinite dimensional case

9.3.1 Differentiable functions

Definition 9.3.1. Let X, Y be normed spaces. Let T € X and let ) be a neighbourhood of
T. A function f:Q —Y is called (Fréchet) differentiable at T if there exists £ € L(X,Y)
such that

If (@ +h) = f(@) = €h)lly = o([[hllx) ash—0in X.

In this case, { is unique, and we set f'(T) := L.
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Several properties of differentiable functions may be proved as in the case X = R"”,
Y = R™. First, if f is differentiable at T it is continuous at . Moreover, for every v € X
the directional derivative

Of (0 v gy ST ) £ (E)

ov t—0 t

exists and is equal to f/(T)(v).

IfY =R and f: X — Ris differentiable at Z, f'(T) is an element of X*. In particular,
if f € X* then f is differentiable at every T and f’ is constant, with f/(Z)(v) = f(v) for
every T, v € X. If f € FCHX), f(z) = p(l1(z),..., 0 (x)) with £, € X*, p € CLR™), f
is differentiable at every T and

Z agk v (@)l (v), T, veX.

If f is differentiable at x for every x in a neighbourhood of Z, it may happen that the
function X — L£(X,Y), z — f'(z) is differentiable at T, too. In this case, the derivative
is denoted by f”(T), and it is an element of £(X,£L(X,Y)). The higher order derivatives
are defined recursively, in the same way.

If f:X — R is twice differentiable at Z, f”(Z) is an element of £(X, X*), which is
canonically identified with the space of the continuous bilinear forms £®(X): indeed, if
v € L(X,X*), the function X? — R, (z,y) — v(x)(y), is linear both with respect to x
and with respect to y and it is continuous, so that it is a bilinear form; conversely every
bilinear continuous form a : X2 — R gives rise to the element v € £(X, X*) defined by
v(z)(y) = a(x,y). Moreover,

v(z)(y)] la(z, y)|
||UHLX,X* = Sup . — Sup 72”@\ (2) .
X 20z0 [2lx [9llx — az0.g20 2] x [yllx LX)

Similarly, if f: X — R is k times differentiable at z, f(* ( ) is identified with an element
of the space £*)(X) of the continuous k-linear forms.

Definition 9.3.2. Let k € N. We denote by C¥(X) the set of bounded and k times
continuously differentiable functions f : X — R, with bounded ||fU HL(J> ) for every
j=1,...,k. It is normed by

Hf”cg Z SUP 2 @)l e (x);

j=07€X

where we set fO)(z) = f(x). Moreover we set

P(X) =) Cchx

keN
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If X is a Hilbert space and f : X — R is differentiable at T, there exists a unique
y € X such that f'(Z)(x) = (x,y), for every x € X. We set

V@) :=y.

From now on, X is a separable Banach space endowed with a norm || - || and with a
Gaussian centred non degenerate measure v, and H is its Cameron-Martin space defined
in Lecture 3.

Definition 9.3.3. A function f : X — R is called H-differentiable at T € X if there exists
by € H* such that

|f(Z+ h) — f(T) = Lo(h)| = o(|h|g) ash— 0in H.

If f is H-differentiable at T, the operator ¢y in the definition is called H-derivative of
f at T, and there exists a unique y € H such that {y(h) = [h,y]g for every h € H. We set

Vuf(z):=y.
Definition 9.3.3 differs from 9.3.1 in that the increments are taken only in H.

Lemma 9.3.4. If f is differentiable at T, then it is H -differentiable at T, with H-derivative
given by h — f'(Z)(h) for every h € H. Moreover, we have

V(@) = R, f(@). (9.3.1)
Proof. Setting ¢ = f'(Z) we have

o @R = f@ =) @) — f@) - h)] ]

|l —0 2 Il —0 |IR]] res

0,

because H is continuously embedded in X so that the ratio ||h||/|h|g is bounded by a
constant independent of h. This proves the first assertion. To prove (9.3.1), we recall
that for every ¢ € X* we have p(h) = [R,¢, h|g for each h € H; in particular, taking
¢ = f'(T) we obtain f(z)(h) = [Ryf(Z),hlu = [Vuf(Z),h]y for each h € H, and
therefore Vi f(Z) = R, f'(T). O

If f is just H-differentiable at T, the directional derivative %(E) exists for every v € H,

and it is given by [V f(Z),v]n. Fixed any orthonormal basis {h, : n € N} of H, we set

0, f(T) == 3}{ (z), ieN.
So, we have
Vaf(@ =Y 0if(@)hi, (9.3.2)
=1

where the series converges in H.
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We warn the reader that if X is a Hilbert space and f is differentiable at z, the gradient
and the H-gradient of f at T do not coincide in general. If v = A47(0, Q), identifying X*
with X as usual, Lemma 9.3.4 implies that Vg f(ZT) = QV ().

We recall that if v is non degenerate, then () is positive definite. Fixed any orthonormal
basis {e; : j € N} of X consisting of eigenvectors of @), Qe; = Aje;, then a canonical
orthonormal basis of H is {h; : j € N}, with hj = \/)Aje;, and we have

0
01() = Vi (@), jeN

9.3.2 Sobolev spaces of order 1

As in finite dimension, the starting point to define the Sobolev spaces is an integration
formula for C’I} functions.

Proposition 9.3.5. For every f € C}(X) and h € H we have
of -
——dy = hdy. 9.3.3
[ Srar=[ rhar (933)
Consequently, for every f, g € CL(X) and h € H we have
of 9g / o
—gdy=— —fd hd~y. 9.3.4
/Xahgv Xahf v+ ng gl (9.3.4)
Proof. By the Cameron—Martin Theorem 3.1.5, for every ¢t € R we have
[t thyatde) = [yt E 0 ),
X X

so that, for 0 < |t| <1,

T — f(r 6t}}(:c)—t2|h|§,/2 o
J A o) = [ ) T a),

As t — 0, the integral in the left-hand side converges to [ 0f/0hdy, by the Dominated

Convergence Theorem. Concerning the right-hand side, (eti‘(z)_ﬂ'h'?f/ 2 _1)/t — h(z) for
every x € X. We estimate

t + t

e_t2‘h‘%-[/2 — 1
n 9

€7t2|h|%—1/2(eﬁ3‘(x) — 1) eftz‘hlil/z — 1’

eth(@) =82 |hi3 /2 _ ‘
t

[Ai()e™™ )] + sup
0<t<1

IN

where the function z — ﬁ(x)etﬁ(m) belongs to L'(X,~) since h is a Gaussian random
variable. So, applying the Dominated Convergence Theorem we get the statement. O
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Notice that formula (9.3.3) is a natural extension of (9.1.2) to the infinite dimensional
case. In (R?, ~4) the equality H = R? holds, and for every h € R? we have ﬁ(x) =h-x=
[h7 ‘T] H

We proceed as in finite dimension to define the Sobolev spaces of order 1. Next step
is to prove that some gradient operator, defined on a set of good enough functions, is
closable in LP(X,~). In our general setting the only available gradient is V. We shall
use the following lemma, whose proof is left as an exercise, being a consequence of the
results of Lecture 7.

Lemma 9.3.6. Let ¢ € L'(X,~) be such that

/ pody=0, ¢€FCyX).
X

Then ¢ =0 a.e.

Proposition 9.3.7. For every 1 < p < o0, the operator Vg : D(Vy) = FCHX) —
LP(X,~; H) is closable in LP(X,~).

Proof. Let 1 < p < +oo. Let f, € FCL(X) be such that f, — 0 in LP(X,v) and
Vufn — Gin LP(X,~; H). For every h € H and ¢ € FCL(X) we have

lim f”

Jm [ Frodr = [ 6@, lipla) (de).

since

1/p
[ @801~ Gta) el ar <l ([ 19t~ Gl ) ol oy
X X

On the other hand,

05
o /fn d7+/ fuphdy, neN,

so that, since f, — 0 in LP(X,~) and dp/0h, ho € LY (X,7),
Ofn

A | an P =0
So,
/X (G(@), e() v(dz) =0, o€ FOMX), (9.3.5)

and by Lemma 9.3.6, [G(x),h]g = 0 a.e. Fix any orthonormal basis {h; : k € N} of H.
Then Ugen{z : [G(x), hx]a # 0} is negligible so that G(z) = 0 a.e.

Let now be p = 1. The above procedure does not work, since iLgp ¢ L>°(X,7) in
general, although it belongs to LI(X,~) for every ¢ > 1. We modify it introducing a

function § € CZ(R) such that 6(0) = 0, 6'(0) # 0, and replacing f, by 6 o f,. Still,
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6o f, = 0in LY(X,v) as n — oo, because |0(fn(x))] = |0(fa(x)) — 00)| < |60/]l0c|fr()]-
Moreover, for every h € H, n € N and ¢ € S"C’l} (X) we have

| X oa— [ o) ";jsod (9.3.6)

Letting n — oo, the right hand side converges to '(0) [ [G x hlpe dy. Indeed,

[ or)Geds-00) [ G@nuen)
< [ 16/ £ \W"—[ <>,h1H'dw+/Xr<9'ofn>—9’(0)\|{G<x>,hmrm.

Since 6’ and ¢ are bounded, the first integral vanishes as n — oo. Every subsequence of
(fn) has a sub-subsequence f,, — 0 a.e., so that (¢’ o f,, ) — 6'(0) — 0 a.e.; moreover,

(6" © fr,) (@) = O (O)[[[G(2), ()| < 2[0"]|0|G (@)1 [hlH |1 Plloe < CIG(2)|H

and by the Dominated Convergence theorem [ (6 o fy,) — 0'(0)]|[G(x), hlgp|dy — 0 as
k — oo. Since this holds for every subsequence of (f,), then

i [ 16" fu) ~ #(OIl[G (o). Bl dy = 0.
X

n—oo
Similar arguments yield

lim LH © fn)

dy = 0. 9.3.7
Jm | —an D (9.3.7)

Indeed, by the integration by parts formula (9.3.4), for every n we have
a0 o fr) / op
——pd 00 f)lh dry.
/X on P4 = (0o fu)lhe -5 Tdy

Taking as before any subsequence ( fy, ) such that f,, — 0 a.e., we have (Hofnk)[izgp— g—}f] —
0 a.e., and for a.e. x € X we have

(00 1) e = 5] @) < 100 (1ol + ] 52

and by the Dominated Convergence Theorem, (9.3.7) holds along the subsequence (f, )
and then along the whole sequence (fy,).
Letting n — oo in (9.3.6), we obtain

20 /X Gla) Hipdy =0, ¢ e FC(X).

Since 6/(0) # 0, (9.3.5) holds for every ¢ € FC}(X). By Lemma 9.3.6, [G(z),hlg = 0 a.e.
for every h € H and we conclude as in the case 1 < p < 400. O



Sobolev spaces 1 113

The proof of Proposition 9.3.7 for p = 1 is more complicated than the proof of Lemma
9.1.3, where we could use compactly supported functions (.

Remark 9.3.8. Note that in the proof of Proposition 9.3.7 we proved that for every
h € H the linear operator 0y, : D(0),) = FOL(X) — LP(X,~) is closable in LP(X,~).

We are now ready to define the Sobolev spaces of order 1 and the generalized H-
gradients.

Definition 9.3.9. For every 1 < p < +oo, WIP(X,v) is the domain of the closure of
Vi : FCHX) — LP(X,v; H) in LP(X,~) (still denoted by V). Therefore, an element
[ € LP(X,7) belongs to WIP(X,~) iff there exists a sequence of functions f, € FCL(X)
such that f, — f in LP(X,~) and Vgf, converges in LP(X,~;H), and in this case,

WLP(X,~) is a Banach space with the graph norm

1/p 1/p
1l = ||f|er<X,7>+||vaHLp<X,%H>=< /X fl”dv> +( /X |va\§;®> .

(9.3.8)
For p = 2, W'2(X,~) is a Hilbert space with the natural inner product

<fag>W1v2 :/ngd’.)/—"_/X[Vvang]Hd'yv

which gives an equivalent norm.
For every fixed orthonormal basis {h; : j € N} of H, and for every f € WhP(X,~),
we set

9 f(x) == [Vu f(x),hjlu, jEN.
More generally, for every h € H we set
nf(x):=[Vuf(z) hln.
By definition,
0 p/2 oo ) p/2
/ Vo flydy =/ (Z Vi f, hj] > dy =/ (Z(é’jf) ) d.
X = X \j3

Moreover, if f, € FCL(X) is such that f, — f in LP(X,7) and Vg f, converges in
LP(X,~; H), then

lim [Van, hj]H = l;m 8jfn = 8jf, in Lp(X, 'y).

n—oo
As in finite dimension, several properties of the spaces WP(X, ) follow easily.

Proposition 9.3.10. Let 1 < p < co. Then
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(i) the integration formula (9.3.3) holds for every f € WYP(X,~), h € H;

(i) if 0 € CH(X;R) and f € WIP(X,~), then o f € WIP(X,~), and Vg0 o f) =
(0o f)Vuf:

(iii) if f € WHP(X,y), g € WH(X,~) with 1/p+1/q = 1/s < 1, then fg € WH3(X,~)
and

Vu(fg) =Vufg+ fVug;
(iv) WHP(X 5) is reflexive;
(v) if fo = [ in LP(X,7) and sup,ey | fullwiv(x.) < 0o, then f € WHP(X, 7).

Proof. The proof is just a rephrasing of the proof of Proposition 9.1.5.

Statement (i) follows approaching f by a sequence of functions belonging to FC} (X),
using (9.3.3) for every approximating function f, and letting n — oo.

Statement (ii) follows approaching fo f by fo f,, if (f,,) C FCL(X) is such that f, — f
in LP(X,v) and Vg f, — Vg f in LP(X,v; H).

Statement (iii) follows from the definition, approaching fg by fngn if (fn), (gn) C
FCLH(X), are such that f, — f in L?(X,v), Vufn = Vuf in LP(X,v;H), g» — ¢ in
L (X,%), Vign — Vg in LV (X,~; H). Then lim, o0 fngn = fg in L*(X,~), and the
sequence (Vg (fngn)) converges to gV f+ Vg in L*(X,~; H).

Let us prove (iv). The mapping u +— Tu = (u, Vgu) is an isometry from WP(X, )
to the product space E := LP(X,v) x LP(X,~; H), which implies that the range of T is
closed in E. Now, LP(X,v) and LP(X,~; H) are reflexive (e.g. [DU, Ch. IV]) so that
E is reflexive, and T(WYP(X,~)) is reflexive too. Being isometric to a reflexive space,
WLP(X,7) is reflexive.

As a consequence of reflexivity, if a sequence (f,,) is bounded in W1P(X,~) a subse-
quence f,, converges weakly to an element g of W1P(X,v) as k — oo. Since f,,, — f in
LP(X,7), then f = g and statement (v) is proved. O

As in finite dimension, statement (ii) holds as well for p = 1.

Remark 9.3.11. Let X be a Hilbert space and let v = .A47(0,Q) with @ > 0. For every
f € FCHX) we have Vy f(z) = QV f(z), so that

Vi f(@)} = (Q2QVf(2),Q ?QVf(z)) = |Q*V f(x)|%
and

1/p
1o = 1l + ( /X IlQl/QVf(x)dev) .

Fixed any orthonormal basis {e; : j € N} of X consisting of eigenvectors of @), Qe; = Aje;,
then a canonical basis of H is {h; : j € N}, with h; = \/Aje;, 0;f(z) = \/\;j0f/0e;, and

0 af 2\ 1/p 1/p
Hfuwmm=\|f||Lp<X,7>+( /X (ZA(8)> ch) |
J=1
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One can consider Sobolev spaces Wwte (X,v) defined as in Definition 9.3.9, with the
gradient V replacing the H-gradient V. Namely, the proof of Proposition 9.3.7 yields that
the operator V : FC}(X) — LP(X,v; X) is closable; we define W'P(X,~) as the domain
of its closure, still denoted by V. This choice looks even simpler and more natural; the
norm in WL? is the graph norm of V and it is given by

1/p 1/p
ey = ([ 1orar) "+ ([ 1wsm)
1/p oo of 2\ /p 1/p
- Pd oy dy) .
(L) "+ ([ (@) )

Since limy_,00 A = 0, our Sobolev space WP (X, ~) strictly contains Wl’p(X, ), and the
embedding WP (X,~v) ¢ WIP(X,~) is continuous.

(9.3.9)

9.4 Exercises

Exercise 9.1. Prove Lemma 9.1.1.

Exercise 9.2. (i) Prove that statement (v) of Proposition 9.1.5 is false forp =1, d = 1.
(Hint: use Proposition 9.1.6, and the sequence (f,,) defined by f,(z) =0 for z <0,
fo(z) =nx for 0 <z <1/n, fo(x) =1 for x > 1/n).

(i) Using (i), prove that WH1(IR,~1) is not reflexive.

Exercise 9.3. Let (2,.%) be a measurable space, and let x be a positive finite measure
in Q. Prove that a function f : {2 — R is measurable if and only if it is the pointwise a.e.
limit of a sequence of simple functions.

Exercise 9.4. Prove Lemma 9.3.6.
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